We estimate a joint multivariate jump-diffusion model using daily data for three fundamental stock market factors: market return, value, and momentum. We focus on the description of risk represented by the joint dynamics of factor volatilities and extreme events. With regard to extreme events, we find (i) evidence of co-jumps through the common volatility channel and increased probabilities of simultaneous jumps in returns and, (ii) unlike the momentum factor, the value factor does not jump independent of the market return. We discuss implications of our empirical findings for factor investing and for possible sources of premia in the momentum and value factors. We find that the contribution of the extreme event risk to the value premium is negligible, while a significant portion of the momentum premium can be attributed to the extreme event risk.
Introduction
Market return is universally regarded as the primary driver of systematic risk in asset prices. In light of this particular role, it is not surprising that the dynamics of market return, as approximated by returns on broad stock market indices, have been extensively studied in the literature.
Various characteristics of daily market return dynamics have important asset pricing and risk management implications. First, market returns are largely unpredictable (see Kendall, 1953 , and Fama, 1965 , 1970 , 1991 . Second, the volatility of market return is not constant (see reviews by Bollerslev, Chou, and Krone, 1992, and Andersen, Bollerslev, and Diebold, 2003) . Third, shocks to return volatility are negatively correlated with shocks to returns -the phenomenon known as the leverage effect (see Black, 1976, and Christie, 1982) . Fourth, the presence of infrequent, large negative returns can be conveniently captured by models with jumps, e.g., Jarrow
and Rosenfeld (1984), Jorion (1989) However, the voluminous literature on cross-sectional asset pricing suggests that there are likely to be other sources of priced risk that are not spanned by market return alone. Indirect evidence of this fact is the success of Fama and French's (1993) factors in capturing a crosssection of expected stock returns. Given that systematic risk has a multi-factor structure, the next important step in characterizing systematic equity risk is characterizing the factors' joint dynamics. This study considers two of the standard Fama-French factors: value and market This paper extends an important class of non-linear models, known as jump diffusions, from the univariate case of market return to the joint dynamics of multiple factors. Jump-diffusion models allow for a decomposition of innovations to returns into a continuous (diffusion) part and jump part. Modeling the fundamental factors jointly provides a characterization of joint dynamics in both the diffusion components (i.e., standard fluctuations) and jump components,
i.e., tail or extreme events. Additionally, jump-diffusion models assume a stochastic specification for financial volatility, which permits the study of contemporaneous correlations between the factors' volatilities and returns.
This study focuses on co-interactions between tail events in factor returns. With our model,
we are able to differentiate between co-jumps and individual jumps. We find statistical evidence of two types of co-jumps. First, a jump in the market return increases the probability of jumps in the other factors. The estimated probability of these co-jumps conditional on a market jump is close to one. Second, volatility jumps are correlated among factors. Such volatility co-jumps are characterized by coincident timing and correlated magnitudes across factors. Additionally, we found evidence for individual jumps in the momentum series. This evidence points to additional sources of risk in the momentum strategy.
Our empirical results are applied to establish the properties of factor portfolios during extreme events. That is, we consider diversification away from the market return and portfolios that are tilted to include the other two factors. The analysis of these portfolios during extreme events is impeded by the rarity of such events. However, our estimation results allow us to calculate a variety of summary statistics for returns on jump days. We conclude that adding the value factor to a market portfolio improves its performance during extreme events in terms of the average loss, volatility, and value-at-risk (VaR). Similarly, adding the momentum factor reduces volatility and VaR. However, the momentum strategy has historically led to larger average extreme losses.
Therefore, we conclude that only the momentum factor can be associated with some additional tail risk, while the value premium cannot. Furthermore, we document the jump leverage effect in momentum returns, that is, a negative correlation between extreme volatility spikes and concurrent extreme returns. Thus, the momentum returns exhibit additional tail risk and adjust for this type of risk.
Finally, the paper analyzes the jump risk premia in factors. Thus far, this question was most successfully addressed for market returns using information from derivative markets, as in consider a rich factor model for exchange rate volatilities but limit their results to conditionally Gaussian dynamics. The Euler discretization of our model nests the conditionally Gaussian case if jumps do not occur.
The paper proceeds as follows. Section 1 describes the factor series. Section 2 summarizes the properties of these data by fitting univariate jump-diffusion models. Section 3 introduces the multivariate model. Section 4 reports the estimation results. Section 5 discusses the implications of these results for factor investing. Section 6 evaluates the jump risk premia in momentum and value factors. Section 7 concludes.
Data
We consider stock market factors over the sample time period of January 1, 1980 through March 31, 2013 using daily excess returns for a total of 8,385 observations. We extend the period (HML) is constructed as the returns to a zero net cost portfolio that takes a long position in two value portfolios and a short position in two growth portfolios. The momentum factor (UMD) is constructed as the returns to a zero net cost portfolio that takes a long position in two portfolios of winners over the past two months to one year and a short position in two portfolios of losers over the same time period.
3 Figure 1 plots the factor series and Table 1 
Univariate Properties of Factor Series
The stock market factors in our dataset are constructed as weighted averages of the same set of returns and, therefore, are expected to exhibit certain similarities in dynamics. It is reasonable for our analysis of their univariate properties to select a model known to fit the dynamics of one of these factors -the market return.
Stock market returns, as approximated by stock market indices, have been the subject of many econometric studies. Chernov et al. (2003) compare a comprehensive list of models and find that, within the affine family of models, the jump-diffusion model is best supported by the data. Although jumps are formally defined as discontinuities in the price path, the inclusion of jumps in the daily return model can be thought of as a way of incorporating large price movements. Within this framework we can explain the high kurtosis and negative skewness of the market portfolio by the existence of infrequent, large negative fluctuations.
Markov chain Monte Carlo (MCMC) estimation, as suggested by Eraker, Johannes, and Polson (2003), provides a convenient method for estimating jump-diffusion models. Among several models (Heston, 1993 , Bates, 1996 , Duffie, Pan, and Singleton, 2000), they select a specification with contemporaneous jumps in returns and volatility (Stochastic Volatility Conditional Jump, SVCJ). We apply this SVCJ model 4 to each of the factor series F t 5 and corresponding instantaneous volatilities V t : Polson (2003) , the model is applied to logarithmic returns. The factor returns in our dataset are computed as differences between the long and short positions of the factor portfolios. Therefore, taking the logarithm is neither well-defined (if the loss is larger than the value of the position) nor it can be interpreted as the difference in logarithmic returns. Herein, the SVCJ model is applied to simple returns. For notational brevity, we continue to use a symbol dF t /F t to denote the difference between instantaneous returns to the long and short positions.
5 With brevity, we omit factor-specific subscripts.
return in the absence of jumps, mean reversion of volatility, the normal level of volatility, and the volatility of volatility, respectively. To ensure the positivity of V t , ξ v t is modeled as an exponential random variable ξ
The sizes of jumps in prices are allowed to be correlated with the size of jumps in volatility, with ξ f t is modeled as conditionally normal ξ
The model above allows for a decomposition of return variance into two components: one related to diffusion terms and one related to jumps. The conditional variance of returns is
Replacing V t by its expectation θ + λ κµ v,J , we find that the contribution of the diffusion component to the variance is θ and the contribution of the jump component is λ
It should be noted that, apart from jumps in returns, the SVCJ model also accommodates other types of extreme return dynamics. First, shocks dB t can be negatively related to volatility shocks due to the leverage effect ρ < 0. That is, prices adjust downwards in response to higher volatility. Additionally, an increase in the level of V t naturally increases the occurrence of extreme positive and negative returns.
To estimate the model, we use the Euler discretization scheme on daily data and adopt the estimation steps by Eraker, Johannes, and Polson (2003) . Table 2 reports parameter estimates in daily percentage units and Table 3 provides a variance decomposition of daily returns into diffusion and jump components. Figure 2 plots the estimated latent volatility series, V t , together with the estimated volatility jump markings, and Figure 3 plots the estimated probabilities of
Market Return. We begin by discussing results for the market portfolio which serves as a reference point for the other factors considered herein. The implied daily return for the market index, given the estimated parameters, is approximately 0.023% daily (5.8% annualized). Similar to prior studies, we find evidence of a strong leverage effect between returns and volatility shocks, with a negative correlation coefficient of ρ = −0.619. The normal level of volatility is E(V t ) = 6 Note that discontinuities in ∆F t , i.e., jump occurrences, are unobserved in discrete data. Therefore, we report probabilities of jump occurrences
1.09, which corresponds to a daily value-at-risk (VaR) of around -1.71%. The decomposition in Table 3 complements previous findings that the market portfolio is subject to sporadic, large changes in value that are generally negative. Given the estimate for the parameter λ, we should expect to see approximately 66 jumps in our sample. Jumps also constitute a large portion (45%) of the total market variance.
For the market return, we have a total of 12 days within the sample in which the probability of a jump is over 80%. They include the stock market crash of 1987 (October 19), the mini- , to which we also refer as Z-statistics, and marks days with an estimated probability of jumps above 20%. It follows from Figure 4 that the large negative values of the Z-statistics, below the 0.5th percentile of the standard normal distribution (-2.57), always correspond to estimated jump probabilities of more than 20%. The opposite relation also holds: the days on which we estimate the probability of a jump to exceed 20% typically correspond to Z-statistics that are around or less than −2.57.
Note that the ratios
compare stock movements to the current level of volatility. Therefore, extreme events captured by the terms ξ f t dN t in the SVCJ model correspond to large negative price movements that are inconsistent with the current level of volatility. In contrast, during the recent financial crisis, large absolute returns were primarily driven by high levels of volatility: these extreme returns are not detected as jumps and are best explained by continuous dynamics.
Value. Perhaps the most interesting feature of our analysis of the value factor is that the jumps in returns are typically positive and even make up a substantial contribution to its average returns. We estimate the total return to the value factor to be approximately 0.01% per day (2.52% annualized) of which we find approximately 30% attributable to rare, large positive jumps.
Jumps seem to occur less frequently in the value factor than they do in the market return. There are only two days with estimated jump probabilities greater than 80%. One such episode, when the value factor increases by 1.60%, coincides with the (negative) market correction on July 7, 1986 . Hence there is some, albeit informal, evidence of co-jumps in the market return and the value factor.
In addition to typically positive jump sizes for the value factor, we also find no evidence of a leverage effect for continuous shocks. The corresponding correlation ρ is slightly positive yet very close to zero. Because the value factor is constructed as a zero net cost position, this suggests that any correlation between continuous shocks to volatility and continuous shocks to returns in the long end of the portfolio are offset by an equivalent relationship in the short end. The value factor is also less volatile, with a total variance of 0.29 compared to 1.09 for the market return, and the volatility-of-volatility is also lower at ( σ J ) 2 = 1.92 compared with 3.67 for the market.
The same holds true for jump days: we estimate the variance of jump sizes in the value factor to be 1.9 compared to 3.7 for the market return. Volatility dynamics for the value factor and the market are similar, as follows from We investigate the nature of jumps in the value factor by comparing the volatility jump markings in Figure 2 , the estimated jump probabilities in Figure 3 , and the Z-statistics in Figure   4 . We conclude that the estimated jumps in the value factor are typically associated with an abnormal rise in volatility but not with abnormal returns.
Momentum. The momentum factor, much like the market return, is subject to infrequent (λ = 0.0058) but large (−1.68% on average) negative jumps. The total excess return on the momentum factor is 10.9% annualized, after accounting for average annual losses due to jumps of −2.3%. There are five trading days for which the probability of a jump in the momentum factor exceeds 0.8. One such instance occurs on January 3, 2001, when the Federal Reserve announced a cut in the federal funds rate and technology stocks (NASDAQ) surged up by a record 14% amid a prolonged bear market for the technology sector. On this date the momentum factor lost 7.49%. In general, our univariate analysis yields no evidence of co-jumps in the market and momentum factors, e.g., January 3, 2001 is not a jump day for the market return.
In regard to the interpretation of jumps in the momentum factor, we find that many but not all jumps are associated with an increase in volatility. Similar to the market return, we observe a correlation between large negative (below −2.57) Z-statistics ∆Ft/Ft √ Vt and high (above 20%) estimated jump probabilities. We also find that jumps make up the largest fraction of total variance for momentum returns. As was the case for the value factor, we find no evidence of a leverage effect in the momentum portfolio. In fact, our estimate of ρ indicates a positive relationship between continuous variance shocks and shocks to the momentum returns. Comparing volatilities for the factors in Figure 2 , we again find similarities in the dynamics of the momentum volatility and the market volatility. However, the dynamics clearly do not coincide.
For example, momentum volatility was largely unresponsive to the Asian crisis.
The univariate analysis in this section confirms similarities in the factor dynamics. The jumpdiffusion SVCJ model captures the presence of extreme returns and extreme volatility changes in the market, value, and momentum factors.
Multivariate Model
There are two components of the joint model that we wish to examine with our multivariate analysis: first, standard correlations, as measured by the covariance matrix of continuous shocks, and, second, extreme-event correlations, as measured by the characteristics of the co-jumps.
In regard to jump dynamics, the asset pricing literature provides some insights into possible timing, caused by a common initiating process. However, magnitudes of price revisions across assets can be mutually independent. Our model accommodates both these classes of co-jumps.
Our first step in constructing the multivariate model is to specify the marginal dynamics of the factors (F 1,t , F 2,t , F 3,t ) following a template similar to Eraker, Johannes, and Polson (2003):
where N i,t and N v i,t are Poisson processes, µ i,t− and µ v i,t− are predictable means of returns and volatilities, respectively. Index i = 1 refers to the market return, index i = 2 is for the momentum, and i = 3 is for the value factor. The second step is to include various cointeractions among factors, which we discuss next.
Model for volatilities. Systematic volatility in this model is driven by three processes,
, where V 1,t denotes the instantaneous volatility of the first (market) factor and V 2,t and V 3,t are instantaneous volatilities of the momentum and value factors, respectively. As in the univariate case, expected changes in volatilities are linear in past values:
Note that we allow for each factor's volatility to be driven by volatilities of the other factors. This reduced-form specification arises in multi-factor models of financial volatility. When analyzing estimation results, we return to this interpretation of the model and consider the relationship between the underlying volatility components and factor returns.
Model for diffusion shocks. shocks.
Model for jumps. Because large jumps occur rarely, accurate estimation of the co-jump dynamics is challenging without further restrictions on the jumps' higher moments and other aspects of their dynamics. Therefore, we proceed by imposing a parametric structure on jump cointeractions.
In the choice of the model for jumps, we are guided by the following considerations. First, we note that volatilities of the factor series co-move as shown in Figure 2 , which suggests the presence of common volatility components. Therefore, extreme events can be transmitted across factors 
whereÑ 2,t andÑ 3,t are Poisson process with intensities λ 2 and λ 3 , that are independent of N 1,t .
The first components, β The estimation is implemented using the following discretization scheme: 
is performed using the MCMC method in daily units with h = 1. The details of the MCMC method are presented in the supplementary materials for this paper.
Estimation Results

Model Selection on Pairwise Models
Increasing the number of series in the SVCJ model leads to estimation problems that are commonly known as the curse of dimensionality. In particular, we observe that the estimation quality of jump size correlations deteriorates with the increase in the number of factors. The MCMC chains of the jump-related parameters become less stable as we increase the number of factors from two to three. Therefore, we performed a model pre-selection step for co-jump dynamics on pairwise bi-variate models for market-momentum and market-value pairs.
In model (4) 
Parameter Estimates
Estimation results for the final model are given in Tables 4 and 5. While Table 4 reports the parameter estimates, Table 5 reports the corresponding derived statistics that are further discussed in the following paragraphs. We confirm that factor volatilities are correlated but do not entirely coincide. Therefore, a model with several latent volatility components is more appropriate.
We proceed by analyzing the properties of these volatility components. Let κ denote the 3×3 matrix of mean-reversion coefficients κ i,j in the model of volatilities (3) . The estimate of matrix I−κ has two statistically equal eigenvalues of magnitude 0.990 and one smaller eigenvalue equal to 0.966. These eigenvalues correspond to the first autocorrelations of the underlying components.
We consider the corresponding slow and fast varying volatility components that are obtained as linear combinations of V i,t ,i = 1, 2, 3, with the slowest and fastest decaying autocorrelations, respectively. The variance decomposition of continuous shocks shows that 83% of momentum factor variance is due to the slow-varying component (s.d. 6%). Similarly, for the value factor, 79% (s.d. 9%) is due to the slow-varying component. For market volatility, the division is less polarized: 62% is due to the fast-varying volatility and 25% is due to the slow-varying volatility, while the rest is due to the covariance between the components. Therefore, the momentum and value volatilities provide information about the slow component of the market volatility V 1,t .
Implications for the continuous leverage effect. It is common to refer to the negative correlation between returns and shocks to volatility as the leverage effect. Though initially explained by the increased leverage of companies with decreasing stock prices (see Black, 1976, and Christie, 1982) , it is now more prevalent to interpret the leverage effect as coming from an increase in risk premia demanded by investors when volatility is high (see French et al., 1987, Campbell and Hentshel, 1992) . We interpret the slow and fast-varying volatilities constructed from V 1,t , V 2,t , and V 3,t as different sources of volatility risk and analyze the separate leverage effect for each of them.
Panel B in Table 5 shows factor correlations with the slow-varying volatility component, and the partial correlations with the fast-varying volatility. We find that the leverage effect In contrast, the slow-varying component results in a small and positive leverage effect. For the value factor, none of the volatility components produces a negative leverage effect.
Finally, we report the estimates of the total return variation (R 2 ) explained by the leverage effect for each factor. Thus, correlations with volatilities explain 31.7% of the continuous shocks to market returns, 14.5% of the continuous shocks to momentum returns, and only 2.4% of the continuous shocks to value returns. We conclude that the leverage effect is less important for the other two factors than for the market return. Because the leverage effect reflects adjustment in prices in response to the increased volatility risk, we conclude that this type of risk is irrelevant for the value factor and has a complex structure for the momentum. Table 5 , both the market and momentum exhibit negative asymmetries during extreme events. We estimate the expected jump size of the market to be −0.75%. For momentum, we estimate the expected jump size to be −1.18%. The expectation of the jump size in the value factor is small and positive. We conclude that there is a negative jump leverage effect in both the market and momentum factors. We find no evidence of a jump leverage effect in the value factor.
Implications for co-jumps. In the prior univariate analysis of Section 2, we found only one co-jump for the market-value pair and none for the market-momentum pair. In our multivariate analysis, we find that most market jumps are associated with jumps in momentum. The To summarize our findings on extreme events affecting momentum and value factors and their co-interaction with market returns, we conclude that the behavior of the momentum and value are markedly different. Value returns do not experience additional extreme events and only respond to extreme changes in the market returns. Furthermore, value returns exhibit neither continuous, nor jump leverage effects 9 . The momentum returns jump occasionally independent of the market returns. The leverage effect associated with momentum returns features a complex structure: only the fast and jump components of volatility produce negative effect on momentum returns.
Implications for Factor Investing
A portfolio selection exercise under a simple preference structure can provide insight into the risks associated with investment in momentum and value strategies. In this section, we apply estimation results of Section 4 to construction of optimal portfolios. The analysis in this section should be interpreted with caution because it is, certainly, affected by the choice of the reduced-form model (2) and investor preferences.
It is well documented that factor strategies deliver positive average excess returns without exposing investors to excessive risk. Likewise, this feature of momentum and value strategies is observed in our data set. As an illustration, we evaluate the performance of a portfolio of factors constructed by a risk-averse CRRA investor who re-balances her portfolio daily to maximize a myopic utility function. For each day t, the investor maximizes expectation of the next-day utility
where W t is the accumulated wealth at time t normalized to one dollar at the beginning of the sample, R t,t+1 is the total return, and γ > 0 is the risk aversion coefficient. If R t,t+1 ≤ 0, then the utility is set to −∞. That is, the investor is infinitely averse to loosing all of the wealth.
The investor allocates her wealth across the market index, a risk-free bond whose return is approximated by the Treasury bill rate in daily units, and either momentum or value strategies 10 .
The corresponding dynamic weights w 1,t , (1−w 1,t ), and w 2,t are optimally chosen at the beginning of each day. Note that due to the possibility of unlimited daily losses under our reduced-form model, the optimal positions in equities must be exactly zero 11 , i.e., w * 1,t = 0 and w * 2,t = 0. To avoid this trivial result, we restrict maximum daily losses in factor returns to −33%, which is a conservative lower bound 12 as follows from Figure 1 . No restrictions are imposed on the upside risk. Consequently, the optimal portfolio weights must satisfy conditions 0 ≤ w * 1 ≤ 3 and 0 ≤ w * 2 ≤ 3. Additionally, we impose a restriction on the total position to capital as in Christoffersen and Langlois (2011). With a margin requirement of 20%, this restriction becomes
10 That is, we consider two strategies separately: one includes the momentum factor and the other includes the value factor.
11 This result follows from the arguments by Liu, Longstaff, and Pan(2003) as in Theorem 1 with X sup = +∞ and X inf = −∞. That is, if the equity price paths are discontinuous without bounds on instantaneous losses, then the investor faces a risk of the negative wealth before she has a chance of re-balancing her portfolio. Therefore, any non-zero equity position brings her utility of −∞. Note that this is not the case for continuous price dynamics with continuous portfolio re-balancing. Liu, Longstaff, and Pan(2003) liken this risk of large instantaneous losses to the risk from holding illiquid assets. 12 The results of this section are not sensitive to the choice of the bound as long as the daily returns are separated from -100%. With parameter values reported in Table 4 , the chances of such large negative returns are sufficiently small not to affect expectations E t (WtRt,t+1)
. Results in Table 7 do not impose bounds on daily losses.
The portfolio optimization is performed using simulations. Hypothetical trajectories of the returns are simulated using SV CJ model with parameters estimated over the entire sample. The unobserved states at time t, i.e. their posterior distribution, are estimated using the available data at time t. Most importantly, we do not rely on the assumption that the average factor premia over the whole sample are known to the investor. Instead, we model the premia as slowvarying processes whose values at time t can be only estimated using information at time t. In particular, we specify intercepts µ i,t in model (2) as random walks:
where B µ 1 ,t , B µ 2 ,t , and B µ 3 ,t are independent Brownian processes. A similar approach to time variation in coefficients can be found in many applications across disciplines (see Durbin and Koopman, 2001 ). By allowing for time variation in premia, our model encompasses yet another source of risk in factor strategies -uncertainty about the future performance of factor strategies.
Because the premia are now latent, they are estimated together with the other unobserved states, such as volatilities. Figure 5 shows the premia 13 estimated using the entire sample and the same premia estimated using only information up to time t. As expected, there is a lag in the latter series. We also note that the market, momentum, and value strategies differ remarkably in the stability of their premia. The market premium is the most stable, while the value premium is the most volatile, with periods of negative values.
Once the optimal weights are determined, our first result is to document the characteristics of the factor portfolios. To this aim, we compare certainty equivalents 14 of these portfolios to a benchmark. The benchmark portfolio includes only the market index and risk-free bond.
As expected, adding momentum or value strategies to the portfolio mix allows an investor to significantly outperform the benchmark. The difference in certainty equivalents between the market-bond strategy and momentum-market-bond strategy is 10.9% annualized (t-statistic of t = 1.9) for γ = 2 and 6.9% annualized (t = 2.4) for γ = 10. The same differences for the value-market-bond strategy are 11.6% (t = 3.8) and 8.2% (t = 4.7) annualized for γ = 2 and 13 The premia are calculated as µ i,t less the expected loss due to jumps. 14 The certainty equivalent of a risky strategy is the risk-free rate at which the investor is indifferent between investing in the given risky strategy and investing in the risk-free bond. γ = 10, respectively. The results for the other values of γ are reported in Table 6 . Based on Table 6 , the positive gain in certainty equivalent is preserved over a range of γ. More risk averse investors invest less in equities and have lower certainty equivalents for all equity strategies.
Our further analysis focuses on the extreme event risk. Figure 6 illustrates how factor portfolios differ in their exposures to this tail risk. We consider days with extremely high market volatility. As follows from Figure 2 , market volatility levels above 1.5 match turbulent periods with many volatility jumps across factors. To capture the non-linear relationship between portfolio performance and extreme volatilities, we consider days with estimated volatilities V 1,t above a range of extreme thresholds V 1 and estimate certainty equivalents (CE) for the CRRA preferences with γ = 2 for the factor strategies on these days only. Figure 6 plots CEs against the thresholds V 1 . Gray areas mark 90% confidence intervals calculated using block bootstrap.
As expected, extreme volatility negatively affects the performance of all strategies, with CEs taking zero values at V 1 between 0.7 and 1.0. However, the most dramatic effect is seen for the momentum strategy, for which CE becomes negative for volatilities above 1.2. Bad performance of momentum after a period of volatile returns was previously documented by Daniel and Moskowitz (2016), who explain this characteristic by the embedded option in momentum returns. Our result is similar to theirs in that we find a negative relationship between volatility and momentum gains. However, Daniel and Moskowitz (2016) dismiss the role of extreme event risk in this phenomenon, pointing to the long duration of periods during which recent "losers" outperform recent "winners." To assess the role of extreme events for the pattern in Figure 6 , we repeat our calculations after removing all of the days with an estimated probability of jumps above 20%. The resulting CEs are plotted with dashed lines. While the performances of all factor portfolios somewhat improved, this improvement is especially dramatic for the momentum strategy. Thus, in contrast to Daniel and Moskowitz (2016) , we document the important role of extreme events for momentum strategy risks.
A more detailed analysis of the factor portfolios during extreme events is complicated due to the rarity of salient jump events. Because extreme events happen rarely, back-tests with only such days cannot be accurate. Alternatively, the jump-diffusion model presented in this paper readily yields estimates of average extreme returns and other moments.
Characteristics of the factor portfolios on jump days are summarized in Table 7 . Table 7 reports properties of returns for different choices of portfolio weights w 1 and w 2 , where w 1 is the contribution of the market index and w 2 is the weight of the additional factor, momentum or value. The weights are restricted to yield the average return equal to the market return, thus, controlling for the average return across portfolios.
We expect two effects. On one hand, adding additional factor strategies to a market portfolio increases the occurrence of jump days to the total intensity of λ 1 + λ i , i = 2, 3. On the other hand, due to the zero correlation between magnitudes of return jumps, i.e., due to β In regard to variances, we find that adding a momentum strategy reduces the risk of the portfolio during extreme days for the ratio w 2 /(w 1 + w 2 ) between 0 and 0.6, the risk remains largely the same for w 2 /(w 1 + w 2 ) between 0.6 snd 0.8 and increases for w 2 /(w 1 + w 2 ) between 0.8 and 1.0. The value-at-risk repeats the same pattern. That is, momentum strategy can reduce extreme value-at-risk, though historically it has led to a larger expected shortfall. In contrast to the momentum strategy, the value strategy serves to diversify the portfolio, yielding smaller average losses per extreme event, variance, and the VaR.
To summarize, combining factors in one portfolio historically reduced the extreme-event risk measured by volatilities and value-at-risk. However, we find an increased risk stemming from the momentum strategy when this risk is measured in other ways. First, a portfolio that includes the momentum factor dramatically underperforms during extreme volatility periods. We show this phenomenon to be attributable to the jump risk. Second, we document higher average losses during extreme events from the portfolio that includes the momentum factor. In contrast to the momentum factor, there is no additional jump risk in the value strategy. However, value strategy features unstable and often negative premium.
Do Jumps Explain Factor Risk Premia?
In the previous section, we found evidence of the increased jump risk in the momentum strategy.
In this section, we would like to test if the momentum and value factors carry seemingly large risk premiums because they are portfolios that have some increased tail risk exposure. carried by the momentum and value strategies using the estimated model of the joint factor dynamics and a restriction on the stochastic discount factor (SDF).
Risk Premia
Consider the SDF that takes the following form:
where R t is the return process for the aggregate stock market and R ⊥,t is an index of other To constrain our analysis, we impose restrictions on R ⊥,t and only allow for R ⊥,t that changes gradually in time, i.e., it is not subject to jumps. This assumption trivially holds for the CAPM, from which R ⊥,t is absent. This assumption holds for the Epstein-Zin utility if, as argued by Bansal and Shaliastovich (2011) , there are no abrupt changes in the observed aggregate consumption 16 . Under this restriction, the only source of the jump risk is co-jumps with the market return.
Let the market return follow a general jump-diffusion dynamics:
where r t− is the instantaneous risk-free rate, V R t− is the instantaneous volatility, B R t is a standard Brownian motion, N R t is a generalized Poisson process with intensity λ R,t , and ξ R t is the jump size. Under this model, the total instantaneous market premium is π R,t− =π R,t− + λ R,t− E t− ξ R t , where the second part is the expected loss due to extreme events. Under the no-arbitrage condition, the process M t R t is a martingale. This, together with assumptions on the SDF (6) and market return (7), gives the following expression for the instantaneous market premium:
where cov c t− (R t , R ⊥,t ) is the instantaneous continuous covariance between the market return and R ⊥,t . The last part of the premium is due to the jump risk. The proof of the above result is given in the appendix. Now, consider an arbitrary asset with return dynamics
where the jump part is divided into the cojump part ξ 
The no-arbitrage condition yields the following decomposition of the premium:
. 16 Jumps in the expected consumption growth and other conditional moments are permitted.
Suppose, the short position of a factor portfolio yields return R −,t and the long position of the factor portfolio yields return R +,t . Excess return dF t /F t− stands for the difference dR +,t /R +,t− − dR −,t /R −,t− . The corresponding premium of the factor portfolio is equal to
where ξ f t is the size of the jump in the factor return in response to the jump in the market. We now state the following result which applies the above formulas to the SVCJ model estimated in this paper. We conclude that the momentum premium due to the jump risk is positive and approximately 30% of the jump premium in market returns. In contrast, the value jump premium is negative because the value strategy hedges the market jump risk.
Theorem 1. Let the market return, momentum return, and value return follow the jumpdiffusion dynamics given by system (2) with further restrictions imposed in Section 3. Suppose the stochastic discount factor is given by formula (6), were R t = F 1,t and R ⊥,t is a series with continuous diffusion dynamics. Then, the jump risk premium for market returns equals
λ 1 E [ ξ f 1,t + (1 + ξ f 1,t ) −γ 1 − (1 + ξ f 1,t ) 1−γ 1 ] , where ξ f 1,t is conditionally normal N ( µ J 1 + ρ J 1 ξ v 1,t , [σ J 1 ] 2 ) and ξ v 1,t is exponentially distributed exp(µ v,J 1 ).
The average jump risk premia for secondary factors
(i = 2, 3) equal β f,J i λ 1 E [ ξ f 1,t ( 1 − (1 + ξ f 1,t ) −γ 1 )] + λ 1 λ i,c E [ξ f i,t ( 1 − (1 + ξ f 1,t ) −γ 1 )] , whereξ f i,t is conditionally normal N ( µ J i + ρ J iξ v i,t , [σ J i ] 2 ) andξ v i,t is exponentially distributed exp(µ v,J i ).
Rare-Event Model Uncertainty Premia
We now consider the second source of the jump premium suggested by Liu, Pan, and Wang (2005). They hypothesize that the premia on extreme events is formed differently from how the premia on day-to-day shocks is generated. This difference stems from the very nature of extreme events that occur rarely. Therefore, there is uncertainty about the correct statistical model of extreme events. Liu, Pan, and Wang (2005) derived the jump premia on the market return in a general equilibrium model while assuming that investors maximize their utility not under the true probability model but under the worst-case scenario.
For our analysis, it is natural to restrict the worst-case scenario according to the accuracy of the model estimates. In particular, we assume that the worst-case scenario has parameters that deviate from estimates in Table 4 by no more than two standard posterior deviations. Pricing of assets is performed as if the SDF takes the same form as in (6), while the no-arbitrage condition holds under the worst-case scenario. Let us denote the probability measure that corresponds to this scenario by P * . Under P * , the dynamics of the market return are still described by equation (7), but the intensity of the Poisson process N R t is higher λ * R,t > λ R,t and the distribution of jumps ξ R t differs in an unfavorable way. Therefore, the no-arbitrage condition now states that M t R t is a martingale under P * , where M t takes the same form as in (6) Following the steps outlined in the appendix, we can calculate the total premium for the market return:
where the expectation E * t− is constructed under P * . Similarly, for the factor returns we can derive:
] .
For our analysis, we allow λ * R,t to deviate from λ R,t by two standard deviations. We focus on the effect of uncertainty about jump arrivals alone and let E t = E * t in the above formulas. The next result applies the above formulas to the SVCJ model.
Theorem 2.
Let the market return, momentum return, and value return follow the jumpdiffusion dynamics given by system (2) with further restrictions imposed in Section 3. Suppose the stochastic discount factor is given by formula (6) , where R t = F 1,t and R ⊥,t is a series with continuous diffusion dynamics. Suppose, the no-arbitrage condition holds under the alternative probability measure P * which overestimates the intensity of market jumps λ 1 , i.e., λ * 1 > λ 1 . Then, the expected jump risk premium for the market returns equals
. The expected jump risk premia for secondary factors (i = 2, 3) equal Table 5 . The same phenomenon is apparent in the portfolio selection exercise in Section 5 and manifests as the increased expected shortfall of momentum portfolios on jump days, see Table 7 . Therefore, the new jump premium line is above the one that corresponds to the case without model uncertainty. The momentum jump premium is now approximately 40% to 60% of the market jump premium.
Conclusion
This paper proposes and estimates a multivariate jump-diffusion model for three fundamental stock market factors: the market return, value, and momentum. We analyze the co-interaction in extreme events between the factors. Our results strongly support the presence of co-jumps in the factor series. We observe that jumps in the market return greatly increase the odds of observing jumps in the other factors.
We provide a comprehensive analysis of the joint behavior of factors during extreme periods.
We find that a combination of the market portfolio and the value factor reduces the expected loss, variance and VaR on extreme days. We find similar results for adding the momentum strategy to the market portfolio with the noted exception of an increase in the expected loss per extreme
event. Further, we analyze the effect of including an additional factor to a position in the market portfolio and a risk free bond for a risk averse investor. We find that including the momentum strategy adversely affects utility of the investors when volatility is extremely high and largest losses correspond to time periods with frequent volatility jumps.
Finally, we apply our model to assess the magnitude of the value and momentum jump premia. We find that jumps could be a significant source of the momentum premium, but they are unlikely to contribute to the value premium.
A Proof of Theorem 1
Proof. We start by proving formula (8) for the market premium. We note that
i.e., M t R t is a function of R t and R ⊥,t . We apply Itô's lemma for jump-diffusion processes (see Cont and Tankov, 2004 ) and arrive at the following dynamics of the discounted returns M t R t : 
By the no-arbitrage condition, the instantaneous increment to M t R t , i.e. its drift, is condi-tionally mean zero. Therefore, we obtain that
Next consider a risk-free bond whose price B t grows at the risk-free rate r t , dB t /B t = r t− dt.
Applying Itô's lemma to M t B t as a function of processes R t , R ⊥,t , and B t , we obtain the following dynamics of the discounted return on bond:
Because the expected drift of the above process is zero, we have that
Subtracting condition (11) from (10), we obtain that
where [ln R, ln R ⊥ ] c t denotes the continuous part of the quadratic covariation between processes ln R t and ln R ⊥,t . We use another notation in Section 6 for the instantaneous continuous covariance cov c t− (R t , R ⊥,t ) that denotes the ratio
We next prove formula (9) for other factors. We follow the same steps as for the market return and derive the dynamics of M t R i,t :
Combining the no-arbitrage condition for return R i,t with (11), we obtain that
Finally, the factor premium is the difference in premia paid on the long and short positions of the factor portfolio. Note that π i t is linear in the return R i,t and cojump ξ c t . The factor return is the difference in returns between its long and short positions. Likewise, the factor's co-jump with the market return is the difference between the corresponding co-jumps. Therefore, the formula above also holds for the factors.
The final step of the proof is to apply the above formulas to the SVCJ model presented in this paper. First, the intensity of the market jumps is constant, λ R t = λ 1 . Similarly, the distribution of market jumps ξ R t = ξ f 1,t does not depend on time. Therefore, for the market return, we have that
For the other two factors, the cojump sizes are ξ
Because the factor jump premia are linear in ξ c t , we can write
Finally, note that ξ f,c i,t is zero with probability (1 − λ i,c ) and has the same distribution asξ f i,t , otherwise. Therefore,
B Proof of Theorem 2.
Proof. Consider pricing of the market asset under the model uncertainty. Suppose, λ * R,t is the current intensity of jumps N R t under the worst-case scenario P * . Following the same steps as in the proof of Theorem 1 for equations (10) and (11) , we can show that the following pricing conditions hold under P * :
and
Combining these two conditions we find the following expression forπ R,t− :
Premium π R,t− is obtained by subtracting average jump losses,
The formulas for the premia for the other two factors are obtained analogously. 
where This table reports posterior means for derived statistics based on SV CJ estimates for factor returns in Table 4 The table reports the difference in certainty equivalents between the portfolio that includes only the market return and risk-free bond and the two portfolios that also include momentum (UMD) or value (HML) factors. The certainty equivalents are constructed for an investor who forms his portfolios daily and maximizes (1 − γ) −1 E t (W t R t,t+1 ) 1−γ at each t, where W t is his wealth at the end of day t and R t,t+1 is the daily total return. The conditional expectation is constructed under the SVCJ model, in which average returns follow a random walk path and are filtered based on the prior data. The certainty equivalents are calculated in annualized percentage units. The standard errors are reported in parentheses. The time period considered runs from January 1, 1980 through March 31, 2013. 
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CE
Market + Momentum Figure 6 : Performance of Factor Strategies and Volatility. The figure shows annualized certainty equivalents (black lines) for factor strategies calculated only on days with estimated market volatility V 1,t above V 1 . The thresholds V 1 are indicated on x-axis. Gray areas correspond to 90% confidence intervals calculated using block bootstrap with blocks of two years. Dashed lines correspond to certainty equivalents calculated only on days with low probabilities of jumps P(J = 1) < 20%. The certainty equivalents are constructed for an investor who forms his portfolios daily and maximizes (1 − γ) −1 E t (W t R t,t+1 ) 1−γ , γ = 2, at each t, where W t is his wealth at the end of day t and R t,t+1 is the daily total return. The conditional expectation is constructed under the SVCJ model, in which average returns follow a random walk path and are filtered based on the prior data. 
